This paper compares the performance of some Archimedean Copulas in approximating the bivariate skew-normal distribution. Our study shows Frank Copula is a better Archimedean Copula for approximating the bivariate skew-normal distribution.
Introduction
It has been noted in many applications that skewness is very prevalent in many univariate distributions which includes the family of normal distributions. A random variable X is said to follow the skew-normal distribution if its density
where  is a constant.
(1)
where   x  and  
x  are the density function and the cumulative probability distribution function for the standard normal distribution respectively. This skew-normal distribution and its applications have been studied extensively by Azzalini (1985 Azzalini ( , 1986 , Henze (1986) and Quiroga (1992) . The extension, bivariate skew-normal is also found to have a lot of applications. In this paper, the interest is in answering the question whether an Archimedean Copula could be used for approximating the bivariate skew-normal distribution while the marginal distributions are skew-normal distributions. If so, the interest is in finding the best Archimedean Copula that approximates the bivariate skew-normal distribution when the marginal distributions are skew-normal distributions. In fact, this paper aims to achieve this objective.
The concept of Copulas originated as a result of Sklar (1959) in probability theory. The Copulas allow for the construction of the joint distributions based on the marginal distributions. In the past, multivariate normal distributions dominated the study and analysis of multivariate data. However, recent literature reviews indicate a shift in this approach. For example, Krazanowski (1988) point out the need for alternatives to the normal distribution especially in actuarial science. This is an area where the copula models could fill the void. People are beginning to look at other variants of the normal distributions such as the folded normal, log-normal, skew-normal etc. Aziz (2001) , Brown (2001) , and Gupta et al(2004) investigated the properties and the applications of the skew-normal density functions. The multivariate skew-normal density functions arise in the context of economic and financial data. Charemza et al (2015) studied the use of the skew-normal distribution in the context of macro-economics. For the literature review please see Nelsen (2007) .
In this paper, we investigate the possibility of fitting an Archimedean Copulas for the bivariate skew-normal density function. The aim is to identify the best fitting Archimedean Copula. Our research shows that "Frank Copula" is the best fitting Archimedean Copula for the bivariate skew-normal density function.
Copulas
Gaussian Copula:
represents the bivariate standard normal cumulative distribution function and
Construction of Skew-Gaussian Copula:
In this section, we investigate the properties of the skew-normal and the bivariate skew-normal distributions.
Univariate Skew Normal:
Result.
Let U and V be two independent standard normal variables and 1  be a constant such that
(4)
Next, we will investigate the skew normal density function.
By differentiating with respect to 1 z we get, 
This means, the joint cumulative skew normal distribution is
Note that the bivariate skew normal density is given by
Let us investigate the mean, variance, skewness, kurtosis, and covariance of 1 Z and 2 Z .
Note that
This means that
It is obvious that the correlation coefficient for the relationship between
Note:
For the skew-normal distribution, the moment generating function is
Kurtosis,
Next, we present a theorem (see Genest and MacKay (1986) to check whether the Archimedean Copulas are adequate to fit a bivariate skew-normal distribution.
Theorem ( 
Next, we will investigate which Archimedean Copula is the better for modeling the bivariate skew-normal distribution. 
Clayton Copula:
(25)
Gumbel Copula: 
for 2 , 1  k and it is called "Debye" function.
Note 1: ssThe following simulations involve computing the left hand side of equation (30) empirically while computing the right hand side of equation (30) by using different copula models such as Clayton, Gumbel, and Frank. Note that the dependence parameter (θ) estimate is different for each copula that is investigated. The purpose is to find out which Archimedean Copula performs better in approximating a bivariate skew-normal distribution.
Note 2:
The following simulation tables indicate the dependence parameter (θ) estimate within horizontal brackets for the different copulas.
Note 3:
The graphs corresponding to different copulas have the following colors.
Clayton ~ Blue
Gumbel ~ Red Frank ~ Green Empirical ~ Purple Simulation 
Simulation Tables and Graphs

Conclusion
It is clear from our numerical study that the Frank Copula is a better Archimedean Copula for approximating a bivariate skew-normal distribution when the marginal distributions are skew-normal themselves. Also, it is clear from the study that Frank Copula is a better Archimedean Copula for approximating even a bivariate-normal distribution. It is easier to deal with the Frank Copula based density function compared to the density function of the bivariate skew-normal distribution as it involves lesser number of parameters. Due to this reason that an Archimedean Copula such as Frank Copula gives us an advantage when analyzing financial and the other types of data. Also, we can easily calculate the probabilities, ruin probabilities, conditional probabilities, quantiles and the conditional quantiles in the context of financial and other types of data.
